As an alternative to state-of-the-art laser frequency stabilisation using ultra-stable cavities, it has been proposed to exploit the non-linear effects from coupling of atoms with a narrow atomic transition to an optical cavity. Here we have constructed such a system and observed non-linear phase shifts of a narrow optical line by strong coupling of a sample of strontium-88 atoms to an optical cavity. The sample temperature of a few mK provides a domain where the Doppler energy scale is several orders of magnitude larger than the narrow linewidth of the optical transition. This makes the system sensitive to velocity dependent multi-photon scattering events (Dopplerons) that affect the cavity transmission significantly while leaving the phase signature relatively unaffected. By varying the number of atoms and the intra-cavity power we systematically study this non-linear phase signature which displays roughly the same features as for much lower temperature samples. This demonstration in a relatively simple system opens new possibilities not only for alternative routes to laser stabilization, but also for superradiant laser sources involving narrow line atoms.
State-of-the-art atomic clocks rely on highly coherent light sources to probe narrow optical transitions [1] [2] [3] [4] [5] . However, these clocks are limited by the frequency noise of the interrogation oscillator through the Dick effect [6] . Only recently multi-atom optical clocks have surpassed single ion clocks in stability owing to the enhanced laser stability [1, 2, 7] . Achieving a better stability has so far been hampered by thermal noise in the reference cavity used for laser stabilization [8] [9] [10] . Recent proposals suggest an alternative approach to laser stabilisation [11] [12] [13] where atoms in an optical lattice are probed on the narrow clock transition inside an optical cavity. This brings non-linear effects into the system dynamics that could considerably enhance the spectral sensitivity and potentially lead to laser stability comparable to or better than the current state-of-the-art. However, for finite temperature samples of atoms the principal mechanisms that are relevant to this physical domain have not been investigated in detail.
To achieve a better understanding of cavity-mediated effects with a narrow optical transition we have constructed a system with 88 Sr atoms probed on the | 1 S 0 − | 3 P 1 transition at 689 nm inside an optical cavity (see Fig. 1 ). To capture the basic physics of the strong nonlinear phenomena one can consider N atomic dipoles strongly coupled to a single mode of the cavity field. The dipole moment associated with this narrow transition is is around five orders of magnitude smaller that that for a typical dipole-allowed transition in an alkaline element. Also, at finite temperature only a small fraction of the atomic sample is probed due to Doppler broadening. Here, the role of the cavity is to enhance the weak interaction by order of the finesse of the cavity.
Experimentally we operate in the so-called "bad cavity" regime, where the atomic dipole decay rate is a factor of 1000 smaller than the cavity decay rate κ. In our experiment we use the 88 Sr |5s 2 1 S 0 − |5s5p 1 P 1 transition at 461 nm to cool and trap atoms in a magnetooptical trap (MOT). We load about 5 × 10 8 atoms in the MOT at a temperature of 2 − 4 mK inside an optical cavity prepared for light at 689 nm. The cavity waist of w 0 = 500 µm ensures a good overlap with the MOT and negligible transit time broadening (∼ 2 kHz) compared to the natural line width (Γ/2π = 7.6 kHz) of the probe transition. The dimensionless number C = C 0 N , where
2 /Γκ depends on the single-atom/cavity coupling constant g, is known as the collective cooperativity and is a measure of how strong the coherent atom-cavity coupling is with respect to the dissipation channels. In our configuration we are able to generate a collective cooperativity of about C = 630, thus placing our system in the strongly coupled regime.
Our experiment is operated in a cyclic fashion. We start each cycle preparing the atomic sample by loading a MOT inside the optical cavity. After loading we shut off the MOT beams and probe the atoms at 689 nm while recording both the intensity and phase shift of the transmitted probe light via two detectors (see Fig. 1 ). The total cycle time is typically around 0.5 − 1 s. For the phase measurement we employ cavityenhanced FM spectroscopy by using the so-called noiseimmune cavity-enhanced optical-heterodyne molecular spectroscopy (NICE-OHMS) technique [14, 15] which is held at resonance with the probe laser. We probe the atoms on the inter-combination line |5s 2 1 S0 − |5s5p 3 P1 at 689 nm (Γ/2π = 7.6 kHz). Both intensity and phase shift of the transmitted probe light are recorded. The phase is measured relative to the input field by employing cavity-enhanced heterodyne spectroscopy (NICE-OHMS). (b) Energy levels of the 88 Sr atom and transitions relevant for this work. (c) Relation between the spectral components in the experiment. The probe laser frequency ω l (and consequently the cavity resonance ωc) is detuned a variable amount ∆ with respect to the atomic resonance ω0.
reduction and simplicity. During experiments we lock the cavity resonance to the 689 nm laser frequency using a Hänsch-Couillaud scheme [16] . The standing wave generated in the cavity will thus be present at all times while the 689 nm laser frequency is scanned.
In the limit of T = 0 and for very low cavity field intensities several solutions exist for the steady-state intracavity field [13] . This is known as optical bi-stability, which would render the system unsuited for frequency stabilisation. However, at finite temperatures this picture changes. Above a critical temperature T crit only one solution for the steady-state intra-cavity field exists. For our parameters T crit is of the order of a few hundred nK while experiments are typically performed at mK temperatures.
The non-zero velocity of the atoms brings additional photon resonance phenomena into play that profoundly changes the complex amplitude of the cavity field around the atomic resonance ω 0 . In the rest frame of an atom moving with velocity v j the atom experiences a bichromatic light field given by ω + = ω l (1 + v j /c) and
where ω l is the laser frequency and c is the speed of light. Resonant scattering events will take place if the atom is Doppler-tuned into resonance at ω 0 , e.g., ω − = ω 0 , such that the atom may absorb a photon from a given direction of the cavity field. Higher order resonances are also possible where, e.g., the atom absorbs two photons from one direction at ω − and emits one photon in the other direction at ω + . Generally, the resonance condition becomes (p + 1)ω − = ω 0 + pω + for p = 0, 1, 2, ... . The process is illustrated in Fig.  2 (a). These non-linear multi-photon scattering effects are known as Dopplerons and give rise to a series of velocity dependent resonances [17] , which change the transmitted field amplitude around resonance.
In Fig. 2 (b, c) we show typical results for a frequency scan across the | 1 S 0 − | 3 P 1 line resonance (red circles). The input power was 975 nW corresponding to an average saturation parameter of S 0 = 618. It is clear that the phase signal in Fig. 2 (c) has a significantly higher signal-to-noise ratio (S/N = 70) than the transmitted power signal in Fig. 2 (b) (S/N ∼ 4), demonstrating the effectiveness of the NICE-OHMS technique. Currently, the factor limiting the signal-to-noise ratio of the phase signal is the shot-to-shot atom number fluctuations and residual amplitude modulation from the EOM.
We model the dynamics of the system by a Hamiltonian describing the coherent time evolution of an ensemble of atoms, where each atom with a given velocity is coupled to a single mode of the optical cavity. Solving the corresponding optical Bloch equations yields the cavity-transmitted intensity and phase as a function of detuning, number of atoms, and temperature. Our model is also adapted to take into account the spatial extent of the cavity field and atomic density profile. The blue solid curves in Fig. 2 (b, c) are the theoretical prediction based on the Hamiltonian presented in Supplemental Equation 2 (see Supplemental Information for details). In our theoretical model we fix the number of atoms, laser input power, laser line width, cavity waist, and cavity finesse based on experimental values, but allow a scaling factor for the absolute phase. The temperature is allowed to vary in the range of 2-4 mK, in accordance with the experimental condition.
Considering the transmission in Fig. 2(b) we can identify three spectral features: (1) the broad (∼ 3 MHz wide) Doppler absorption feature consistent with the sample temperature of a few mK; (2) a central region (∼ 1 MHz wide) with enhanced transmission due to saturation, but affected by the Doppleron resonances which lead to enhanced back-scattering (or reduced forward transmission), limiting the height of the saturated absorption peak; (3) finally, in the central region around zero velocity (i.e., on resonance), the Doppleron mechanism breaks down and the saturated absorption takes place again with increased transmission as a result.
The effect of the Dopplerons is not so readily apparent in the phase signal (Fig. 2(c) ). Here, the most dominant features are the dispersion from the Doppler broadened absorption and the dispersion from the central saturated absorption peak with inverted slope. However, the Dopplerons do have an observable effect on the phase signature which is a rounding of the curvature around the central dispersion feature, consistent with our theoretical model.
It is interesting to compare the situation observed in Fig. 2(b) and Fig. 2(c) against lower temperature results. In Fig. 3 we plot theoretical transmission and phase curves for T = 4 mK, T = 400 µK and T = 40 µK, where T = 4 mK corresponds to the typical experimental situation. The effect of going to lower temperature is evident on the transmission curves, where the Dopplerons become less and less dominant. The phase is less affected by Dopplerons, although the slope on resonance tends to increase slightly with decreasing temperature. The slope around zero-frequency determines the potential stability of this system in application as a frequency-lock. However, considering the additional experimental complexity of decreasing the temperature by orders of magnitude and the possible reduction of atom number in the process, the gain in slope is minimal.
To evaluate and characterize our physical system experimentally we have mapped out the central phase feature as a function of probe input power with fixed atom number. In Fig. 4 we show the phase signal for a fixed number of atoms as a function of laser detuning for different input powers in the range 650 -1950 nW. For high input powers we strongly saturate the dipole and power broaden the central saturated absorption peak. As we gradually lower the input power, the power broadening is reduced leaving the central phase feature with a larger slope without reducing the signal-to-noise ratio. rated and in a finite temperature regime the atomic phase signature is not significantly influenced (deteriorated) by the Doppleron resonances in contrast to the transmission profile. We observe a strong dependence on atom number with increasing phase response and increasing slope on resonance for increasing atom numbers as expected.
In conclusion, we have constructed a system dominated by highly saturated multi-photon absorption with lasercooled strontium atoms coupled to a low-finesse optical cavity. The transmission through the cavity is strongly altered by thermal effects and Dopplerons, but the central phase response of the atoms remains relatively immune to these effects while displaying a high signal-tonoise ratio (SNR) owing to the cavity and detection technique. The atomic phase signature was observed via cavity enhanced FM spectroscopy (NICE-OHMS) on the narrow optical | 1 S 0 − | 3 P 1 inter-combination line of 88 Sr providing SNR of exceeding 7000 for one second of integration. We observe a strong dependence on atom number and intensity of the cavity field and we are able to change the dispersion shape by tuning these param- eters, in accordance with our theoretical model that includes finite temperature effects and multi-photon scattering events. The understanding obtained here of the "bad cavity" physics lends promise to further development in this area, such as a new generation of frequency stabilisation [11, 13] or superradiant laser sources [18, 19] . 
SUPPLEMENTAL INFORMATION Detection Scheme
After loading the MOT for 0.5 − 1 s we shut off the MOT beams and wait for 100 µs before probing the atoms for 100 µs. The probe laser beam is split up after the cavity and sent to two detectors which allow for a low bandwidth detection (50 MHz) of the transmitted power and a high bandwidth detection (2000 MHz) for the phase measurement. The NICE-OHMS phase signal is obtained by generating Fourier sidebands in the probe light at exactly the free spectral range (FSR) of our cavity at 500 MHz using an EOM. The carrier is tuned close to the atomic resonance and will experience a phase shift due to the atoms. The sidebands, on the other hand, are far off resonance and will not be influenced by the atoms. They will, however, still be transmitted through the cavity since they are displaced by exactly one FSR, and experience similar technical noise and low-frequency amplitude noise as the carrier. Demodulating the heterodyne beat signal between the carrier and the sidebands after the high bandwidth detector will result in a signal proportional to the phase shift induced by the atoms at a significantly reduced noise level.
The transmission is measured by normalising the signal from the slow detector obtained just after the MOT is shut off with a signal obtained after waiting an additional 50 ms for all the atoms to have left the cavity. To minimize frequency fluctuations of the 689 nm laser we lock the laser to a high finesse ULE cavity (F ∼ 8000) using the Pound-Drever-Hall method [1] . At 1 ms of integration time the laser has a linewidth of about 600 Hz.
We monitor the number of atoms though the atomic absorption (low bandwidth detector) and indirectly through the MOT fluorescence measured by a photomultiplier. Typically, we trap about 5× 10 8 atoms in the MOT while only N cavity = 2 × 10 7 atoms overlap with the cavity volume. The number of atoms is tuned by changing the loading time of the MOT.
Experimental Parameters
By optical alignment of the MOT beams the trap center is off-set from the quadrupole magnetic field zero such that atoms experience a constant magnetic field of about 1 mT aligned parallel to the probe light polarization. This provides a local quantization axis and ensures that we only probe the π-transition; the σ ± transitions are shifted by tens of MHz. The mirrors for the 689 nm cavity are attached outside the view ports of the vacuum chamber, limiting the finesse of the cavity to F = 85 and the cavity length to L = 30 cm.
Our atom-cavity parameters are characterized by the atom-light coupling g, probe cavity decay time constant κ and atomic decay time constant Γ which are given by (g, κ, Γ) = 2π × (1.50 MHz, 5.8 MHz, 7.6 kHz). The coupling constant g refers to atoms that have a nearzero velocity component along the probe field k-vector (N = 3 − 5 × 10 6 ) and not the entire thermal sample overlapping the mode volume (N cavity = 2 × 10 7 ). The cavity linewidth κ/2π = 6 MHz is about a factor of 800 larger than the atomic linewidth Γ/2π = 7.6 kHz leaving the system in the so-called "bad cavity" regime.
Theoretical Model
We model our system as a collection of 2-level atoms inside a single mode optical cavity, using a Born-Markov master equation to describe the open quantum system, 
The Hamiltonian H describes the coherent evolution of the coupled atom cavity system in an interaction picture which rotates at the frequency of the cavity, and ∆ = ω a − ω c is the atom-cavity detuning. The Pauli spin matrices areσ +,−,z j , η is the classical drive amplitude η = κPin ω , with P in being the input optical power, and a is the annihilation operator of the cavity mode. The atom-cavity coupling rate is given by: g j (t) = g 0 cos(kz j − δ j t)e 
where k is the wave number of the cavity, z j and r j are the longitudinal and axial positions, δ j = kv j is the Doppler shift in terms of the atom velocity v j , w 0 is the waist of the gaussian cavity mode, and g 0 = ℘/ ω c /2ε 0 V eff the vacuum Rabi frequency with with V eff the effective mode volume of the cavity, ℘ the dipole moment of the atomic transition, and ε 0 the vacuum permittivity.
The incoherent evolution is described by the LiouvillianL 
